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Problem

Working for the European Space Agency, you are asked to design the sense electronics of
a mode-split capacitive MEMS gyroscope for space applications. The device parameters
are given in Table 1 (CP is the parasitic capacitance between stators and ground). The
circuit topology is shown in Fig. 1.

1. Calculate the sensitivity in terms of sense capacitance per unit angular rate, CA
output voltage per unit angular rate, and INA output voltage per unit angular
rate. Additionally, calculate the FSR.

2. Evaluate the intrinsic resolution of the sensor, due to thermo-mechanical noise only.

3. Size the feedback resistance of the CA-based front-end, in order to obtain a well-
balanced system in terms of noise performance.

4. Calculate the voltage noise PSD of the INA required not to worsen the resolution
of the sensor, and the needed bias current of the input op-amps of the INA, in
order to ful�ll this requirement.
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Structure

Process thickness h 22 µm

Gap g 1.9 µm

External mass (half structure) me 2 nKg

Internal mass (half structure) mi 8 nKg

Sense axis

Sense resonance frequency frs 19800 Hz

Sense damping (half structure) bs 2 µN/(m/s)

Parallel-plate length LPP 308 µm

Parallel-plate cells (half structure) NPP 8

Rotor-to-stator DC voltage VDC 10 V

Drive axis

Drive displacement amplitude xda 6 µm

Drive resonance frequency frd 19000 Hz

Drive damping (half structure) bs 100 nN/(m/s)

Electronics

Ampli�er supply voltage VDD 0-3.3 V

CA feedback capacitance CF 2 pF

Parasitic capacitance CP 10 pF

INA resistance RGAIN 4.94 kΩ

INA gain GINA 1 + 49.4 kΩ / RGAIN

CA op-amp voltage noise PSD sn,OAv,V 3.3 nV/
√
Hz

CA op-amp current PSD sn,OAi,I 1 fA/
√
Hz

INA op-amp MOS overdrive voltage VOV 200 mV

INA op-amp MOS γ coe�cient γ 2/3

Table 1: Parameters of the gyroscope.

Introduction

A convenient way to deal with noise, in any sensor, is to write the resulting e�ect of the
various noise sources at the output node of the system (or even at an intermediate node),
and then to input-refer these quantities in terms of equivalent noise density through the
sensitivity (or the partial sensitivity up to that intermediate point).
Note that, sometimes, noise is not characterized by a white density. In systems where
modulation/demodulation is applied, and the sensor bandwidth is much lower than the
working frequency (e.g. in gyroscopes operating around 20 kHz, with a bandwidth limited
to few hundred Hz) we can ignore this issue. Indeed, one can calculate noise just around
the operating frequency, assuming that, after demodulation, noise components far from
it will be �ltered out by the LPF (the concept is similar to what we already discussed
for accelerometers when we have the rotor modulation).

2



Figure 1: Sense readout circuit.
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Question 1

When a gyroscope is operated in mode-split, the resonance frequencies of the drive and
sense modes are di�erent: there is a certain, intended (by design) frequency mismatch,
f∆ between them. In our case,

f∆ = frs − frd = 800Hz,

ω∆ = 2πf∆ = 5026 rad/Hz.

Mode-split gyroscopes have several advantages with respect to mode-matched ones.
First, we do not need to guarantee that the two resonance frequencies are exactly the
same as in mode-matched gyroscopes.
The mechanical sensitivity of a mode-split gyroscope can be expressed as

SMS =
xda
ω∆

=
xda

ωrs − ωrd
.

We can observe that this value does not depend on the quality factor of the sense axis
Qs. Hence, as shown in Fig. 2, Q-factor variations have no e�ects on the sensitivity.
Mode-matched gyroscope, on the other hand, must face this issue, as their sensitivity,
that can be expressed as

SMM =
xda
ωrs

2Qs

=
2xdaQs

ωrs
,

depends on Qs.

Figure 2: Mechanical transfer functions of drive- and sense-axis of a mode-split gyroscope.

Another pro relates with the bandwidth-vs-noise density trade-o�. Mode-matched gy-
roscope do show this kind of trade-o�: indeed, both the bandwidth (which is limited
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by the width of the mechanical transfer function peak) and noise density depend on the
sense axis damping coe�cient, bs. This means that, acting in order to improve noise
density would reduce the sensor bandwidth, and vice-versa. As we can see from Fig.
2, the bandwidth of a mode-split gyroscope is no more dependent on the width of the
resonant peak; indeed, it is much higher, and can be easily limited with an electronic
�ltering placed at the end of the sense readout chain. With mode-split operation, the
bandwidth-vs-noise density trade-o� is broken, and it is possible, e.g., to lower the pres-
sure inside the package as much as possible, thus increasing the noise performance of
the device, without a�ecting its maximum sensing bandwidth. For these reasons, most
state-of-the-art MEMS gyroscope are mode-split operated.

The sense displacement amplitude sensitivity of our mode-split gyroscope, de�ned as the
sense displacement amplitude variation per unit angular rate, is

Sya =
∂ya
∂Ω

=
xda
ω∆

=
xda
2πf∆

= 1.19 nm/(rad/s).

Note the measurement unit and remember that angular rate is expressed in rad/s in SI
units. The sensitivity can be more conveniently expressed in terms of m/dps, as:

Sya =
1.19 nm
180o

πrad
rad
s

=
1.19 nm

57.3 dps
= 20.8 pm/dps.

We can now express the sensitivity in terms of single-ended sense capacitance variation
per unit angular rate:

SCs =
∂Cs

∂Ω
=

∂Cs

∂y

∂ys
∂Ω

=
∂Cs

∂y
Sya .

Here, ∂Cs/∂y is the single-ended capacitance variation of the sense port per unit dis-
placement along the y-axis,

∂Cs

∂y
=

Cs0

g
, Cs0 =

ϵ0h2LPPNPP

g
= 506 fF,

∂Cs

∂y
=

Cs0

g
= 266 fF/µm.

(the factor 2 above accounts for the two halves). The sense capacitance variation sensi-
tivity, SCs , can be thus evaluated as

SCs =
∂Cs

∂Ω
=

Cs0

g
Sya = 266 fF/µm · 20.8 pm/dps = 5.54 aF/dps.

As mentioned, ∂Cs/∂Ω is the single ended capacitance variation per unit angular rate.
For a given angular rate, Ω, due to antiphase motion, the capacitance of one sense port
increases of a factor SCsΩ, while the other capacitance decreases by the same factor, i.e.,
−SCsΩ. We can de�ne the di�erential capacitance variation per unit angular rate, as

SCs,diff
=

∂Cs,diff

∂Ω
= 2

∂Cs

∂Ω
= 2SCs = 11.1 aF/dps.
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We know that, if the sense-port is biased with a DC voltage applied between the rotor and
the stator, VDC , the sense-port capacitance variation induces a current �owing through
the electrode that �ows in the feedback path of the front-end used to detect the sense
displacement. In our case, the sense current is integrated in the CA feedback capacitance.

VCA (t) = GCACs (t) ,

where

GCA = |TCA (jωrd)| =
∣∣∣∣VCA (jωrd)

Cs (jωrd)

∣∣∣∣ = VDC

CF
= 5 · 1012 V/F

is the gain of the CA, i.e., the transfer function from capacitance variation to output
voltage of a CA evaluated at resonance, ωrd.
Hence, the CA sensitivity of the gyro, de�ned as the single-ended voltage amplitude
variation of the CA output per unit angular rate, can be expressed as

SVCA
=

∂VCA

∂Ω
= GCASCs = 13.3mV/Hz = 27.7 µV/dps.

The di�erential CA sensitivity is thus

SVCA,diff
= 2SVCA

= 55.5 µV/dps.

The two outputs of the two CAs are connected with the inputs of an INA, whose gain is
11. The total sensitivity of the gyroscope, de�ned as the voltage amplitude variation of
the INA output per unit angular rate, can be thus expressed as

SVOUT
= SVCA

2GINA = SVCA,diff
GINA = 610 µV/dps.

As the supply voltage of the INA is 0-3.3 V, the full scale range corresponds to:

FSR =
±1.65V

SVOUT

= ±2690dps

Question 2

We de�ne the intrinsic sensor resolution as the one we get assuming noiseless readout
electronics, i.e., considering the sensing element noise only. In case of MEMS, the intrinsic
resolution is due to unavoidable thermomechanical noise associated with the structure.
For gyroscopes, this resolution is referred to as noise equivalent rate density (NERD).

Thermo-mechanical noise PSD of the sense resonator can be easily modeled in terms of
force noise PSD applied to the proof mass:

Sn,MEMS,F = 4kbTbs,

expressed in N2/Hz; this noise source is white, i.e., it is constant with frequency.

sn,MEMS,F =
√

Sn,MEMS,F =
√
4kbTbs = 181 fN/

√
Hz.
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Remembering what we learned in the Introduction, if we evaluate the ∂F/∂Ω parameter,
i.e., the Coriolis force variation per unit angular rate, we can easily infer the intrinsic
resolution of our gyroscope, by simply dividing the force noise PSD by ∂F/∂Ω. As the
Coriolis force amplitude can be expressed as

F = 2msvdaΩ = 2msωrdxdaΩ,

linearly proportional to the angular rate,

∂F

∂Ω
=

F

Ω
= 4πmsfrdxda = 11.5 nN/(rad/s) = 200 pN/dps,

where
ms = mi = 8 nkg.

The intrinsic resolution (NERD), due to MEMS noise only, is thus

sn,MEMS,Ω =
snF
∂F

∂Ω

=
181 fN/

√
Hz

200 pN/dps
= 909 µdps/

√
Hz.

Note the units of measurement: if we correctly evaluate the sensitivity at node X in
terms of X/dps, we can divide the noise PSD, expressed in X/

√
Hz, by the sensitivity,

thus obtaining the input-referred resolution directly expressed in dps/
√
Hz.

We can write the complete expression of the NERD, by expliciting previous equations:

sn,MEMS,Ω =

√
kbTbs

2πmsfrdxda
.

Be careful about the units of measurement. Remember that, if no conversion is con-
sidered, the sensitivity is expressed in N/(rad/s), hence, the obtained NERD would be
expressed in (rad/s)/

√
Hz! If one wanted to evaluate the resolution in terms of dps/

√
Hz,

a conversion factor should be included in the equation, and one might write:

sn,MEMS,Ω =

√
kbTbs

2πmsfrdxda

180 dps

π rad/s
= 909 µdps/

√
Hz,

which is correctly expressed in dps/
√
Hz.

This is the ultimate resolution limit of our mode-split gyroscope, considering a single
half-mass and a single damping coe�cient. For a tuning-fork structure with two masses,
NERD improves thus by the

√
2 down to 640 µdps/

√
Hz.

Question 3

A well-balanced sensor from a noise performance point-of-view is a sensor where noise
introduced by the readout electronics is equal to the intrinsic noise introduced by the sen-
sor. It is somewhat silly to design a readout electronics that introduces much higher noise
with respect to the intrinsic one: we would be indeed worsening the system resolution
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(an exception is represented by situations where, due to power consumption constraints,
electronic noise cannot be sized as low as desired). On the other hand, it is silly, as well,
to design a too low-noise readout electronic circuit, whose noise is absolutely negligible
with respect to the intrinsic one: we would be wasting design time, power consumption,
area. . . , just to increase the resolution by a factor

√
2 with respect to the well-balanced

case where intrinsic and electronic noise are equal.

Figure 3: Electrical model for noise calculations on the CA.

It is possible to identify three main noise sources introduced by the front-end electronics:
(i) the op-amp voltage noise, (ii) the op-amp current noise, (iii) the feedback resistance
thermal noise. As shown in Fig. 3, it is convenient to model both the op-amp current
noise and the feedback resistance thermal noise as current noise sources at the front-end
input, while op-amp voltage noise is modeled as a voltage noise source applied at the
positive input of the op-amp.

Let us �rst evaluate the input-referred noise of the CA front-end, as sense capacitance
noise. In this way, we will be familiar with typical numbers related to capacitive sensors:
remember that, in the MEMS world, the interface between the mechanical domain and
the electronic domain is usually indicated as the sense capacitance variation; hence, if one
wanted to compare two electronic front-ends in terms of resolution, he/she may compare
them in terms of input-equivalent capacitance noise density, which is expressed in F/

√
Hz.

Remember additionally that our signal is a sinusoidal tone at frd. Hence, if needed, we
will evaluate the transfer functions at frd, neglecting any frequency dependence.
We will initially consider only one front-end. Regarding the op-amp voltage noise, it is
convenient to calculate the voltage noise at the output of the CA, and then bring it back
to the capacitance:

Sn,OAv,Cs = Sn,OAv,V

∣∣TVout/V+
(frd)

∣∣2∣∣TVout/Cs
(frd)

∣∣2 ,
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hence,

sn,OAv,Cs = sn,OAv,V

∣∣TVout/V+
(frd)

∣∣∣∣TVout/Cs
(frd)

∣∣ .
As ∣∣TVout/V+

(frd)
∣∣ = 1 +

CP

CF
,

∣∣TVout/Cs
(frd)

∣∣ = VDC

CF
,

we get:

sn,OAv,Cs = sn,OAv,V

(
1 +

CP

CF

)
VDC

CF

≃ sn,OAv,V
CP

VDC
= 4 zF/

√
Hz,

Note that, as long as CP ≫ CF , sn,OAv,Cs does not depend on the feedback capacitance
value. This is a common property of CA based front-ends.

The current noise of the op-amp can be expressed as an equivalent sense capacitance
variation noise PSD, as well:

sn,OAi,Cs = sn,OAi,I

∣∣TVout/I (frd)
∣∣∣∣TVout/Cs

(frd)
∣∣ = sn,OAi,I

1

2πfrdCF

VDC

CF

sn,OAi,Cs = sn,OAi,I
1

2πfrdVDC
= 0.837 zF/

√
Hz.

Note that op-amp current noise contribution is much lower than the voltage noise one.
Note that also sn,OAi,Cs does not depend on CF . The same approach can be used for the
thermal noise of the feedback resistance:

sn,RF,I =

√
4kbT

RF
.

Hence

sn,RF,Cs = sn,RF,I

∣∣TVout/I (frd)
∣∣∣∣TVout/Cs

(frd)
∣∣ = sn,RF,I

1

2πfrdCF

VDC

CF

=

√
4kbT

RF

1

2πfrdVDC
.

To infer noise equivalent rate densities of the considered sources, one should take into
account the di�erential readout. Assume a certain noise PSD at the output of both CAs
(due to electronics only); remember that the two noise contributions are not correlated,
as they are produced by uncorrelated sources. The di�erential readout doubles the signal
(in amplitude) and doubles the noise PSD (in power). Hence, when considering the
SNR, a di�erential readout improves the resolution by a factor

√
2. As a general rule, if

c = a− b, Sn,c = Sn,a + Sn,b.
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In our case,
Vdiff = (+Vs.e.)− (−Vs.e.) = 2Vs.e.,

and
Sn,diff = 2Sn,s.e., sn,diff =

√
2sn,s.e..

When dealing with a sensor, the input-referred resolution is

sn,i =
sn,diff
Sdiff

,

where Sdiff is the di�erential sensitivity, which is twice the single-ended one. Hence:

sn,i =
sn,diff
Sdiff

=
1√
2

sn,s.e.
Ss.e.

,

which is
√
2 better with respect to the one calculated when considering one front-end

alone! As the sense capacitance variation per unit angular rate is known, it is possible
to input-refer the previously calculated capacitance noises, as

sn,OAv,Ω =
1√
2

sn,OAv,Cs

SCs

=
1√
2

sn,OAv,Cs

∂Cs

∂Ω

= 510 µdps/
√
Hz,

sn,OAi,Ω =
1√
2

sn,OAi,Cs

SCs

=
1√
2

sn,OAi,Cs

∂Cs

∂Ω

= 106 µdps/
√
Hz,

sn,RF,Ω =
1√
2

sn,RF,Cs

SCs

=
1√
2

√
4kbT

RF

1

2πfrdVDC

∂Cs

∂Ω

.

We can calculate

sn,OA,Ω =
√
s2n,OAv,Ω + s2n,OAi,Ω = 521 µdps/

√
Hz.

Op-amp noise is lower than the intrinsic one. We can then calculate RF for which

s2n,OA,Ω + s2n,RF,Ω = s2n,MEMS,Ω.

We can then write

1√
2

sn,RF,Cs

SCs

=
1√
2

√
4kbT

RF

1

2πfrdVDC

∂Cs

∂Ω

=
√
s2n,MEMS,Ω − s2n,OA,Ω = 371 µdps/

√
Hz,

RF =
1

2

4kbT(
2πfrdVDC

∂Cs

∂Ω

)2 (
s2n,MEMS,Ω − s2n,OA,Ω

) = 1.38GΩ.
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With this value of feedback resistance, the total noise equivalent rate density is

sn,TOT,Ω =
√
s2n,MEMS,Ω + s2n,ELN,Ω =

√
s2n,MEMS,Ω +

(
s2n,OAv,Ω + s2n,OAi,Ω + s2n,RF,Ω

)
sn,TOT,Ω = 0.909mdps/

√
Hz.

The main contributions are given by the MEMS thermo-mechanical noise and the voltage
noise of the op-amp, which are almost equal. Note that with this value of feedback
resistance, the feedback pole is

fp,CA =
1

2πRFCF
= 59Hz,

which is well below the operation frequency, frd. The CA is thus correctly designed.

Question 4

Up to now we considered only the noise introduced by the front-end. What about
the noise introduced by the INA? We can calculate the di�erential voltage noise PSD
at the INA input, Sn,TOT,VCA,diff

, due to all the previously considered noise sources
(MEMS + front-end), and then compare this with the input-referred noise of the INA,
Sn,INA,VCA,diff

. The di�erential voltage noise PSD at the output of the CA due to both
MEMS and front-end noise, can be easily calculated by multiplying the previously calcu-
lated input-referred rate noise density by the CA voltage di�erential sensitivity, SVCA,diff

:

sn,TOT,VCA,diff
= sn,TOT,Ω · SVCA,diff

= 50.5 nV/
√
Hz.

In order to have a negligible INA noise, its equivalent input noise, Sn,INA,V , should be
lower than 50.5 nV/

√
Hz. As a rule of thumb, we can dimension it to be 0.1 times in

power (i.e., ≃ 1/3 in voltage):

sn,INA,V,max = 16.8 nV/
√
Hz

Input-referred INA noise is due to the two op-amps voltage noise sources, Sn,OAINAv,V ,
and the thermal noise of the gain resistance, Sn,RINA,V :

Sn,INA,V = 2Sn,OAINAv,V + Sn,RINA,V ,

where
Sn,RINA,V = 4kBTRGAIN = (9.04 nV/

√
Hz)2 .

Hence, Sn,OAINAv,V should be equal to

Sn,OAINAv,V =

√
Sn,INA,V,max − Sn,RINA,V

2

Sn,OAINAv,V =

√
(16.8 nV/

√
Hz)2 − (9.04 nV/

√
Hz)2

2
= 10.0 nV/

√
Hz.
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The expression of the input voltage noise of an op-amp is

Sn,OA,V = 2
4kbTγ

gm
,

where the factor 2 takes into account both input transistors, γ = 2/3, and gm is the
transconductance of the input di�erential pair:

gm =
2ID
VOV

.

where ID is the bias current of the input transistors, and VOV is their overdrive voltage.
The current needed to have an op-amp with an input voltage noise Sn,OAINAv,V is thus:

ID =
4kbTγVOV

Sn,OAINAv,V
= 22.0 µA.

Figure 4: Pie chart showing all noise contributions.

Fig. 4 reports all noise contribution, as a pie chart. As expected, MEMS thermo-
mechanical noise and voltage op-amp noise contributions are equivalent and constitute
the 84% of the overall resolution.
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